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Abstract. In the present study, we consider general form of the Lagrangian f(R,φI , X),
that is a function of the Ricci scalar, multiple scalar fields and non-canonical kinetic terms.
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1 Introduction
In 1998, supernova data suggested that the Universe is dominated by dark energy component
[1]. A simple model that fits with observations includes the positive cosmological constant.
The simplest dynamical model is proposed by a scalar field minimally coupled to gravity
[2, 3]. More complicated models are generally classified in scalar-tensor theories [4]. Other
possible models can be achieved by replacing the Ricci scalar with a non-linear function of
it [5]. These models may be considered as generalized forms of scalar-tensor theories (Brans-
Dicke) [6], where extra gravitational degree of freedom that comes from non-linearity of f(R),
can be figured out as a scalar field. Also other modified theories of gravity are tensor-vector-
scalar theories (TeVes) [7], Conformal gravity [8], Lovelock gravity [9], Horava-Lifshitz [10]
and some teleparallel extensions of above theories, like f(T ) gravity [11]. Multiple scalar field
generalizations of single field models are also possible, that could be non-minimally coupled.
The non-minimal couplings are necessary in the renormalization studying of scalar fields
in curved spacetime [12]. Non-minimal couplings can be removed by convenient conformal
transformations. In a conformal transformation one can go from non-minimal coupling in
Jordan frame to Einstein frame with minimal coupling. But this transformation for systems
with more than two degrees of freedom leads to non-canonical kinetic terms in new frame,
even if the old frame has only canonical kinetic terms [13].
In Einstein’s theory of gravity, deep inside the Hubble radius, growth of matter pertur-
bations are governed by
δ
′′
+Hδ′ − 4piGρδ = 0, (1.1)
where H = aH is comoving Hubble parameter, δ is matter energy density contrast, G is
Newtonian gravitational constant and prime denotes derivation w.r.t conformal time [14].
This equation for the other theories of gravity is modified by replacing effective Newton’s
constant. Many attempts have been made in obtaining this modification for f(R), scalar-
tensor theory and etc [15], but it needs to be studied in its more general form. Our aim is to
do this generalization.
In Section 2, we extend field equations of multiple scalar fields to general form and
obtain it for flat FLRW (Friedmann-Lemaître-Robertson-Walker) spacetime. Section 3 is
devoted to perturbed FLRW and to obtain effective Newton’s constant of gravitation deep
inside the Hubble radius. We explicitly calculate it for some specific models. Finally, last
section is about conformal transformation between two frames of Jordan and Einstein, and we
study the conservation of energy-momentum tensor. We use the signature (−,+,+,+) and
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notations fR := ∂f∂R , fI :=
∂f
∂φI
, fX := ∂f∂X , and Γ
L
KJ is the Levi-Civitá symbol, constructed
from field space metric, GIJ(φK). Also we use capital Latin letters I, J,K... to label N scalar
fields and Greek letters α, β, ... for spacetime indices.
2 Multiple fields in background spacetime
The general form of multiple scalar fields action with non-canonical kinetic terms can be
written as
S =
∫
dx4
√−g(1
2
f(R,φI , X) + Lm
)
, (2.1)
where g is the determinant of metric gµν , X := −12GIJ(φK)∇µφI∇µφJ is the kinetic terms,
GIJ is the field space metric, f(R,φI , X) is a function of the Ricci scalar, scalar fields and
kinetic terms and Lm is matter Lagrangian. We have set 8piG = 1. Variation of the action
(2.1) w.r.t metric, yields
fRGµν +
1
2
gµν(fRR− f) + (gµν−∇µ∇ν)fR − 1
2
fXGIJ∇µφI∇νφJ = Tµν , (2.2)
where Tµν := −2√−g
δLm
δgµν is the matter energy-momentum tensor and  := gµν∇ν∇µ. We
dropped the arguments of GIJ(φK). The generalized Klein-Gordon equation can be obtained
by variation of the action (2.1) w.r.t scalar fields
∇µ∇µφL + ΓLKJ∇µφK∇µφJ +
∂µfX
fX
∂µφL +
GIL
fX
fI = 0. (2.3)
In the case of GIJ = δIJ and fR = 1, equations (2.2) and (2.3) reduce to canonical scalar field
and gravity equations in general relativity. The metric of spatially flat FLRW spacetime has
the form:
ds2 = a2(η)[−dη2 + δijdxidxj ] i, j = 1, 2, 3, (2.4)
where η is conformal time. The energy-momentum tensor in perfect fluid form is:
Tµν = pgµν + (p+ ρ)uµuν , (2.5)
where ρ, p and uµ are the energy density, momentum and 4-velocity of the fluid with uµuµ =
−1, respectively. The components (00) and (ii) of field equation (2.2) and scalar field equation
(2.3) become
− 3H
′
a2
fR − 1
2
f − 3H
a2
f ′R +
1
2a2
fXGIJφI′φJ ′ = −ρ,
−H
′ + 2H2
a2
fR − 1
2
f − 1
a2
f
′′
R −
2H
a2
f ′R = p,
φ
′′L +
(
2H+ f
′
X
fX
)
φL′ + ΓLKJφ
K′φJ ′ = a2GIL fI
fX
. (2.6)
The last equation can be written in compact form
Dη(a2fXφL′) = a4GILfI , (2.7)
where we have used the definition of covariant derivative in field space for a vector AI ,
DJAI = ∂JAI + ΓIKJAK . (2.8)
Consequently DηφI′ := φL′DLφI′ = φI′′ + ΓIKJφL′φJ ′ is acceleration in field space. The
operator Dη acts as ordinary time derivative for quantities without any field space indices.
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3 Scalar perturbations in the multi-field theory
The FLRW spacetime perturbed in conformal Newtonian gauge, has the following form for
scalar perturbations
ds2 = a2(η)[−(1 + 2ϕ)dη2 + (1− 2ψ)δijdxidxj ], (3.1)
where ϕ is modified Newtonian potential and ψ is related to spatial curvature perturbation.
Scalar fields can be decomposed to background space independent φI(η), and the perturbation
part, δφI(η, xi), that have both space and time dependence. The components (00), (0i),
(ij) with i 6= j and (ii) of the field equation (2.2) and the equation (2.3) in first order of
perturbations become, respectively,
− δρ = −3H
′
a2
δfR +
1
a2
[− 3ψ′′ +∇2ϕ− 3H(ψ′ + ϕ′)− 6H′ϕ]fR − 1
2
δf
+
H
a2
(2ϕ− 4ψ + ψ′)f ′R +
∇2
a2
δfR +
1
2a2
δfXGIJφI′φJ ′
+
1
2a2
fXGIJ,KφI′φJ ′δφK − ϕ
a2
fXGIJφI′φJ ′ + 1
a2
fXGIJφI′∂0δφJ ,
−(ρ+ p)v = 2
a2
fR(ψ
′ +Hϕ) + 1
a2
∂0δfR − H
a2
δfR − ϕ
a2
f ′R +
1
2a2
fXGIJ∂0φIδφJ ,
ψ − ϕ = δfR
fR
,
δp =
H′ + 2H2
a2
δfR +
fR
a2
[− ψ′′ +∇2ψ −H(ϕ′ + 5ψ′)− (2H′ + 4H2)ϕ]+ 2ϕ
a2
f
′′
R
−2ϕ
a2
Hf ′R −
4ψ
a2
Hf ′R −
1
a2
∂20δfR + 2
H
a2
∂0δfR +
ϕ′
a2
f ′R +
∇2
a2
δfR,
0 = −δfX∂η
(
a2φL′
)
+ fX∂η
(
2ϕa2φL′
)− fX∂η(a2(ϕ− 3χ)φL′)− fX∂η(a2∂ηδφL)
+fX∂i
(
a2∂iδφ
L
)
+ a4(ϕ− 3ψ)
[
− 1
a2
fXΓ
L
KJφ
K′φJ ′ − 1
a2
f ′Xφ
L′ + GILfI
]
+a4
[
− 1
a2
δΓLKJφ
K′φJ ′ − 2
a2
fXΓ
L
KJ∂ηδφ
KφJ ′ +
2ϕ
a2
fXΓ
L
KJφ
K′φJ ′
− 1
a2
δfXΓ
L
KJφ
K′φJ ′ − 1
a2
∂ηδfXφ
L′ +
2ϕ
a2
f ′Xφ
L′ − 1
a2
f ′X∂ηδφ
L + GIL,K δφKfI
+GILδfI
]
. (3.2)
Unlike in general relativity where we have ψ = ϕ, here the non-linearity of f(R,φI , X)
w.r.t the Ricci scalar causes gravitational anisotropy, ψ = ϕ+ δfRfR , which can have interesting
implications to be observed. By use of the components (00) and (ij) with i 6= j from equations
(3.2) one can obtain potentials in Fourier space for small scales(k
a
)2
ψ ' 1
2fR
((k
a
)2
δfR − δρ
)
,(k
a
)2
ϕ ' − 1
2fR
((k
a
)2
δfR + δρ
)
, (3.3)
in which we have used δf ' −2fR(ka)2(2ψ − ϕ) and δρ is the energy density perturbation in
comoving gauge. The perturbation in Ricci scalar is
δR = −2
(k
a
)2(
ϕ+ 2
δfR
fR
)
. (3.4)
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Now let us consider the case fRX = 0. Then equation (3.4) results in
δR = −2
(k
a
)2 ϕ+ 2fRIfR δφI
1 + 4
(
k
a
)2 fRR
fR
. (3.5)
The scalar field equations in small scales can be approximated as:
− fX
(k
a
)2
δφL + GIL,K δφK + GILfR,LδR ' 0. (3.6)
By substitutin of (3.5) in (3.6), we can write this equation as αIJδφ
J = βIϕ, where:
αIN := fIGIL,N − fX
(k
a
)2
δIN − 4
(k
a
)2 GILfRIfRN
fR +
(
k
a
)2
fRR
, (3.7)
and
βI := 2
(k
a
)2 GILfRL
1 + 4
(
k
a
)2 fRR
fR
(3.8)
are background quantities. We assume αIN is an invertible matrix. Then we can write
perturbation in scalar fields as
δφJ = (α−1)IJβ
Jϕ. (3.9)
With substituting equation (3.9) in δR, it becomes
δR = − 2
(
k
a
)2
1 + 4
(
k
a
)2 fRR
fR
(
1 + 2
fRI
fR
(α−1)IJβ
J
)
ϕ. (3.10)
And finally equation (3.3) leads to the Poisson equation(k
a
)2
ϕ =
1
2
Geffρδ, (3.11)
where the effective Newton’s constant is
Geff =
(
fR +
1
2
fRI(α
−1)IJβ
J − fRR
(
k
a
)2
1 + 4
(
k
a
)2 fRR
fR
(
1 + 2
fRI
fR
(α−1)IJβ
J
))−1
. (3.12)
The energy-momentum conservation in small scales is reduced to
δ
′′
+Hδ′ − 1
2
Geffρδ ≈ 0. (3.13)
The same calculation can be done in obtaining the equation(k
a
)2
ψ = −1
2
qδρ, (3.14)
where
q =
(
fR − 1
2
fRI(γ
−1)IJξ
J + fRR
(ka)
2
1 + 2(ka)
2 fRR
fR
(
1 +
fRI
fR
(γ−1)IJξ
J
))−1
, (3.15)
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and
γ LK := GIL,KfI − fX
(k
a
)2
δLK − 2
(k
a
)2 GILfRIfRK
fR + 2
(
k
a
)2
fRR
,
ξL := 2
(k
a
)2 GILfRI
1 + 2
(
k
a
)2 fRR
fR
. (3.16)
One can use, Weak Lensing or Integrated Sachs-Wolf effect with the effective potential,
Φeff := ϕ + ψ, for comparing with observations. In the case of f(R) gravity, the effective
gravitational constant is reduced to
Geff = f
−1
R
1 + 4
(
k
a
)2 fRR
fR
1 + 3
(
k
a
)2 fRR
fR
. (3.17)
For Brans-Dicke theory withf(R,φ,X) = φR + 2ωBDφ ∂µφ∂
µφ, where ωBD is Brans-Dicke
parameter, we can obtain
Geff = φ
−1 4 + 2ωBD
3 + 2ωBD
. (3.18)
For non-minimal coupling two field model with the action
S =
∫
d4x
√−g
[(
1 +
1
2
ζφφ
2 +
1
2
ζχχ
2
)
R− 1
2
(∂φ)2 − 1
2
e2b(φ)(∂χ)2
]
, (3.19)
where ζφ and ζχ are dimensionless constant, the metric of field space becomes
Gij = diag(1, e2b(φ)). (3.20)
One can find
αφφ = −
(k
a
)2 − 4(k
a
)2 ζ2φφ2
1 + ζφ
1
2φ
2 + ζχ
1
2χ
2
,
αφχ = −4
(k
a
)2 ζφζχφχ
1 + ζφ
1
2φ
2 + ζχ
1
2χ
2
,
αχφ = −4
(k
a
)2 e−2b(φ)ζφζχφχ
1 + ζφ
1
2φ
2 + ζχ
1
2χ
2
− 2b,φe−2b(φ)ζφφR,
αχχ = −
(k
a
)2 − 4(k
a
)2
e−2b(φ)
ζ2χχ
2
1 + ζφ
1
2φ
2 + ζχ
1
2χ
2
,
βφ = 2
(k
a
)2
ζφφ,
βχ = 2
(k
a
)2
e−2b(φ)ζχχ, (3.21)
and finally, the effective gravitational constant is obtained as
G−1eff = 1 +
1
2
ζφφ
2 +
1
2
ζχχ
2 −
(k
a
)2(
ζφφ(α
−1) φφ ζφφ+ ζφφ(α
−1) φχ e
−2b(φ)ζχχ
+ζχχ(α
−1) χφ ζφφ+ ζχχ(α
−1) χχ e
−2b(φ)ζχχ
)
. (3.22)
– 5 –
4 Conformal transformation
The equivalence between f(R) and scalar-tensor theories is well known (see reference [16]).
In last two sections we studied the general form of the action with multiple fields, in this
section we focus on conformal transformation between Jordan and Einstein frames that are
special cases of the action (2.1) and finally obtain their field equations. The D-dimensional
action in Jordan frame is given by
SJ =
∫
dDx
√−g[1
2
f(φi, R)− 1
2
Gij∂µφi∂µφj − V (φi)], (4.1)
in which we have used i, j, k, ... = 1, 2, 3, ..., N to label scalar fields in this frame, a general
potential is represented by V (φi), f(φi, R) is a function of scalar fields and Ricci scalar, and
contains their coupling. In reference [17] the case of f(φi, R) =
(
M2pl +
∑
i ξi(φ
i)2
)
R for two
field in four-dimensional have been studied. The generalized Klein-Gordon equation becomes
φi + Γikj∇µφk∇µφj + Gil(
f
2
− V ),l = 0. (4.2)
Here we define the Lagrangian of scalar fields as follow
Lφ := −1
2
Gij∂µφi∂µφj − V (φi), (4.3)
with this definition and by use of equation (4.2), scalar field energy-momentum tensor,
T (φ)µν := −
2√−g
δ(
√−gLφ)
δ(gµν)
, (4.4)
satisfy the relation
∇µT (φ)µν = −
1
2
∂f(φi, R)
∂φj
∇νφj . (4.5)
After some simple calculation conservation of matter energy-momentum tensor becomes
∇µT (M)µν = 0. (4.6)
The action (4.1) by use of auxiliary scalar field χ can be written as
SJ =
∫
dDx
√−g[1
2
f,χ(φ
i, χ)R− 1
2
Gij∂µφi∂µφj − U(φi, χ)], (4.7)
where 2U(φi, χ) := 2V (φi)− f(φi, χ) + f,χ(φi, χ)χ is a new effective potential. The variation
of the action (4.7) w.r.t auxiliary field yields
f,χχ(φ
i, χ)(R− χ) = 0. (4.8)
If we consider the case of f,χχ 6= 0 and R − χ = 0, the action (4.7) leads to the action (4.1)
in Jordan frame. The condition f,χχ 6= 0 implies that new scalar degree of freedom comes
from non-linearity nature of f(φi, R) respect to the Ricci scalar. This action looks like N + 1
scalars with non-minimal coupling. By use of a convenient conformal transformation, the
non-minimal coupling can be removed. The metrics in two frames are related by
gˆµν = Ω
2(x)gµν ,
√
−gˆ = ΩD(x)√−g, (4.9)
– 6 –
where we have used Ω2 > 0 to preserve casual structure. With this transformation the Ricci
scalar becomes
Rˆ = Ω2
[
R− 2(D − 1)
Ω
Ω− (D − 1)(D − 4)Ω−2∇µΩ∇µΩ
]
, (4.10)
where Ω = 1√−g∂µ(
√−g∂µΩ). The first term in (4.7) becomes∫
dDx
√−g
2
f,χ(φ
i, χ)R =
∫
dDx
√−gˆ
2
Ω−Df,χ(φi, χ)
(
Ω2Rˆ+ 2(D − 1)Ω−1Ω
+(D − 1)(D − 4)Ω−2∇µΩ∇µΩ
)
. (4.11)
By the choice of
ΩD−2(x) =
1
MD−2(D)
f,χ(φ
i, χ), (4.12)
where MD−2(D) is reduced Planck mass in D-dimension (in four-dimension M(4) = 2.43 ×
1018GeV ), we can obtain the action in new frame
SE =
∫
dDx
√
−gˆ
[MD−2(D)
2
Rˆ− 1
2
GˆIJ gˆµν∂µφI∂νφJ − Uˆ(φI)
]
, (4.13)
where
Uˆ(φI) := U(φi, χ)
(
MD−2(D)
f,χ
) D
D−2
(4.14)
is the effective potential in Einstein frame, {φI} := {φi, χ} and I, J,K, ... = 1, 2, 3, ...(N + 1),
and the metric in new frame is modified to
Gˆij =
MD−2(D)
f,χ
Gij +
(D − 1
D − 2
)
MD−2(D)
f,χif,χj
f2,χ
,
Gˆχi = Gˆiχ =
(D − 1
D − 2
)
MD−2(D)
f,χif,χχ
f2,χ
,
Gˆχχ =
(D − 1
D − 2
)
MD−2(D)
(f,χχ
f,χ
)2
. (4.15)
The field equation in new frame contains N + 1 second order differential equations but in old
frame the higher order derivatives is appeared which can be solved more difficultly. Some
simple cases are;
• In the case of minimal coupling between f(R) and scalar fields, fχi = 0 leads to simple
field space metric,
Gˆij =
MD−2(D)
f,χ
Gij ,
Gˆχi = Gˆiχ = 0,
Gˆχχ =
(D − 1
D − 2
)
MD−2(D)
(f,χχ
f,χ
)2
. (4.16)
– 7 –
In this case, we can define new field ψ := M
D−2
2
(D)
√
D−1
D−2 ln fχ, thence kinetic terms
become
− 1
2
∇ˆµψ∇ˆµψ − 1
2
Gije2b(ψ)∇ˆµφi∇ˆµφj , (4.17)
where we have defined
b(ψ) :=
1
2
ln
(
MD−2(D)
)−√D − 2
D − 1
1
2M
D−2
D
(D)
ψ. (4.18)
This case for f(R) with single field model have been studied in [18], in Jordan frame
becomes a two-fields model with non-canonical kinetic term.
• In the case of f(R,φi) = h(φi)R+P (φi, X), where h(φi) is a function of scalar fields and
P (φi, X) is a function of both scalar fields and kinetic terms, we can see Gˆiχ = 0 = Gˆχχ
and Gˆij =
MD−2
(D)
h2
(
Gijh+ D−1D−2hihj
)
where in four dimensional spacetime is reduced to
Gˆij =
M2pl
h2
(
Gijh+ 3
2
hihj
)
. (4.19)
This result is the same as that of reference [13].
In conformal transformation, we relabel the metric. At the classical level, frames are mathe-
matically equivalent and all observations should be same [19]. Till now, we have considered
the gravitation part only. In presence of matter action, the conformal transformation leads
to coupling of the scalar fields to matter part, which introduce new properties. For example
leads to the xµ dependence of particle masses. We can write the matter action in Jordan
frame as
S
(M)
J =
∫
dDxLM (gµν ,ΨM ) =
∫
dDxLM
( gˆµν
Ω2
,ΨM
)
. (4.20)
With the definition of energy-momentum tensor we can obtain
Tˆ (M)µν :=
−2√−gˆ
δL
δgˆµν
= T (M)µν
(
MD−2(D)
f,χ
)
. (4.21)
Also derivation of matter Lagrangian w.r.t scalar fields yields
∂LM
∂φI
= κ(D)
√
−gˆQI Tˆ (M), (4.22)
where κ(D) := (MD−2(D) )
−1, Tˆ (M) is the trace of matter energy-momentum tensor, QI :=
−MD−2(D)
Ξ,I
2Ξ and Ξ := Ω
2. The Klein-Gordon equation in Einstein frame without any matter
fields can be written as (here we do not use hat notation)
φI + ΓIKJgαβ∂αφJ∂βφK − GIMUM = 0. (4.23)
In presence of matter action, this equation becomes
φI + ΓIKJgαβ∂αφJ∂βφK − GIMUM + κ(D)GIJQIT (M) = 0. (4.24)
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The field equations (4.2) and (4.23) in four-dimensional FLRW spacetime become, respectively
φi
′′
+ 2Hφi′ + Γikjφj′φk′ − a2Gil(
f
2
− V ),l = 0,
φI
′′
+ 2HφI′ + ΓIKJφJ ′φK′ + a2GILUL = 0, (4.25)
or in compact form
Dη(a2φ′i) = a4Gil(f
2
− V ),l,
Dη(a2φI′) = a4GILUL. (4.26)
Also equation (4.24) is reduced to
φI
′′
+ ΓIKJφ
J ′φK′ + 2HφI′ + a2GILUL − a2κ(4)GIJQIT (M) = 0. (4.27)
In Einstein frame one can separate scalar field part of the action,
Sφ :=
∫
d4x
√−g
[
− 1
2
GIJ∂µφI∂µφJ − U(φI)
]
. (4.28)
The energy-momentum, energy density and pressure for action (4.28) become
T (φ)µν = GIJ∂µφI∂νφJ − δµν
(1
2
GIJ∂αφI∂αφJ + U(φI)
)
,
−T (φ)00 = ρ(φ) =
1
2a2
GIJφI′φJ ′ + U(φI),
1
3
T
(φ)k
k = p(φ) =
1
2a2
GIJφI′φJ ′ − U(φI). (4.29)
It can be seen with simple manipulation that the conservation equations of energy for scalar
fields and matter are
ρ′(φ) + 3H(ρ(φ) + p(φ)) = −κ(4)QIφI′T (M),
ρ′M + 3H(ρM + pM ) = +κ(4)QIφI′T (M), (4.30)
and in covariant form
∇µT (φ)µν = −κ(4)QI∇νφIT (M),
∇µT (M)µν = +κ(4)QI∇νφIT (M). (4.31)
Thus the energy-momentum conservation in Einstein frame can be written as ∇µ
(
T
(φ)µ
ν +
T
(M)µ
ν
)
= 0.
In general form, metric perturbations can be written as gµν = g¯µν + δgµν . We can write
the conformal factor as
Ξ(η, xi) = Ξ¯(η)
(
1 +
δΞ(η, xi)
Ξ¯(η)
)
. (4.32)
Therefore, perturbation δgµν transform as
δgˆµν = Ξ¯δgµν + g¯µνδΞ. (4.33)
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Thus we can see for the components of metric, that are vanished on background level, the
corresponding perturbations are independent of conformal factor perturbation, and specially
in the case of flat FLRW these are conformal invariant. The conformal transformation (4.9)
for FLRW metric in background level leads to (we use hat notation for the Einstein frame)
dtˆ =
√
Ξdt, aˆ(tˆ) =
√
Ξa(t), dxˆi = dxi, dηˆ = dη. (4.34)
One can obtain the comoving Hubble parameter,
Hˆ = Ξ
′
2Ξ
+H. (4.35)
We can see some properties, for example the Hubble crossing, are not equivalent in two
frames. The general form of perturbations can be classified according to their helicity [20]
(scalar, vector and tensor modes) by
ds2 = a2(η)
[− (1 + 2ϕ)dη2−2(Bi+β,i)dηdxi+ [(1−2ψ)δij + 2∂i∂jE+ 2∂(iCj) +Eij ]dxidxj],
(4.36)
where ϕ, β, ψ and E are scalar perturbations, Bi and Cj are transverse vector perturbations
and Eij is traceless and transverse tensor perturbation. The metric perturbation quantities
obtain as
ϕˆ = ϕ+
δΞ
2Ξ¯
, βˆ = β, ψˆ = ψ − δΞ
2Ξ¯
, Eˆ = E, (4.37)
the vector and tensor perturbations are conformal invariant. The relations (4.37) show the
Newtonian gauge in one frame is transformed into the same gauge in the new frame, but other
gauges like synchronous gauge, is not equivalent in two frames and lead to the additional
redundant degree of freedom in new frame [21]. If we take a gauge with the condition δΞ = 0,
the metric perturbations are conformal invariant. From the equation (4.21), the energy-
momentum tensor in background and first order of perturbations in D-dimensional become,
respectively
Ξ¯
D
2 Tˆ (M)µν = T
(M)µ
ν ,
Ξ¯
D
2 δTˆ (M)µν = δT
(M)µ
ν −
D
2
T (M)µν
δΞ
Ξ¯
, (4.38)
where
δΞ
Ξ¯
=
2
D − 2
δf,χ
f,χ
. (4.39)
Thus with the condition δΞ = 0, the quantity δT
(M)µ
ν
T
(M)α
β
is conformal invariant. In single field
case the uniform conformal transformation slicing gauge, δΞ = 0, coincide perfectly with the
comoving and constant field gauges, δΞ ∝ δφ.1 But in general case, the uniform conformal
transformation slicing gauge is not equivalent to the comoving or constant field gauges. For
constant QI one can integrate from QI and obtain
Ξ = e−2κ(D)QIφ
I
, (4.40)
and the equation (4.38) and condition δΞ = 0 are reduced to
e−κ(D)QIφ
I
δTˆ (M)µν = δT
(M)µ
ν − κ(D)DT (M)µν QIδφI ,
QIδφ
I = 0. (4.41)
1We have used the comoving curvature perturbation as the curvature perturbation on comoving slice of
effective fluid by δT 0i = 0.
– 10 –
5 Conclusion
In this work we have studied the scalar perturbations in Newtonian gauge for the general form
of Multiple non-canonical scalar fields with non-minimal coupling. In small scales, Newton’s
constant of gravitation is modified for such multiple degree of freedom models and explicitly
in some models is obtained. Finally equations of motion in Jordan and Einstein frames
in presence of matter have been obtained and conservation of energy-momentum tensor is
studied. The conformal transformation leads to coupling scalar fields to matter part. With
assuming the conservation of energy-momentum tensor in Jordan frame, we can see this
conservation in Einstein frame is not valid only for matter action but it needs adding an
energy-momentum tensor of scalar fields.
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